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Resumen
Los elementos ópticos difractivos han ganado importancia en las últi-
mas décadas debido al avance de la tecnología que permite su construc-
ción y al aumento de la potencia de cálculo computacional que permite
predecir, con un coste mínimo, su comportamiento en función de los
múltiples parámetros que definen su estructura. La periodicidad consti-
tuye un factor clave a la hora de entender su funcionamiento y estudiar
las propiedades y aplicabilidad de los diferentes tipos de elementos di-
fractivos. Ahora bien, esta periodicidad también introduce ciertas limi-
taciones en el diseño de los elementos y en sus propiedades, como por
ejemplo una alta aberración cromática al ser utilizados como elemen-
tos formadores de imagen. Para superar estas limitaciones se propuso
la aplicación de secuencias aperiódicas deterministas al diseño de los
elementos ópticos difractivos. En este trabajo de Tesis se han estudiado
diferentes secuencias aperiódicas y sus efectos en el diseño de nuevas
estructuras difractivas. En particular, se ha utilizado la secuencia fractal
de Cantor, la serie de Fibonacci y la serie de Thue–Morse en el diseño
de dispositivos difractivos con diferentes finalidades.
A lo largo del desarrollo del trabajo de Tesis se han generado nue-
vos elementos difractivos que superan ciertas limitaciones, abriendo
nuevos campos de aplicación a tecnologías preexistentes. Entre ellos,
podemos destacar los sistemas de alineación óptica, la generación de
vórtices ópticos, la reducción de la aberración cromática y el aumento




Els elements òptics difractius han guanyat importancia les últimes dè-
cades degut a l’avanç de la tecnología que permet la seua construcció y
a l’augment de la potència de càlcul computacional que permet predir,
amb un cost mínim, el seu comportament en funció dels diferents pa-
rámetres que defineixen la seua estructura. La periodicitat constitueix
un factor clau a l’hora d’entendre el seu funcionament y estudiar les
propietats y aplicabilitat dels diferents tipus d’elements difractius. Ara
be, aquesta periodicitat tambe introdueix certes llimitacions en el dis-
seny dels elements y les seus propietats, com per exemple una elevada
aberració cromàtica quan actuen com a elements formadors d’imatges.
Per superar aquestes llimitacions es va proposar l’aplicació de diferents
sequencies aperiòdiques deterministes al disseny dels elements òptics
difractius. En aquest treball de Tesi estudie diferents sequencies aperiò-
diques y els seus efectes en el disseny de noves estructures difractives.
En particular, s’han utilitzat la secuencia fractal de Cantor, la serie de
Fibonacci y la serie de Thue–Morse en el disseny de dispositius difrac-
tius amb diferents finalitats.
Al llarg del desenvolupament del treball de Tesi s’han generat nous
elements difractius que superen certes llimitacions, obint nous camps
d’aplicació a tecnologies preexistents. Entre ells, podem destacar els
sistemes d’alineació òptica, la generació de vòrtex òptics, la reduc-





The diffractive optical elements have enhanced his importance in the
last decades due to the improvement of the technology which allows
its construction and the greater computing power that helps predicting
the behaviour of the diffractive structures in function of the design pa-
rameters without en extra cost. The periodic symmetry become a key
factor in order to understand the performance of these elements, and it
allows to study the properties and the applicability of the different dif-
fractive elements. However, this periodicity also introduces certain li-
mitation in the design of the elements and their properties, such as high
chromatic aberration when they are used as image forming elements.
To overcome this limitations it was proposed the use of deterministic
aperiodic sequences in the design of the diffractive optical elements.
In this Thesis work I study different aperiodic sequences and their ef-
fect in the design of new diffractive structures. In particular, we use the
Cantor fractal set, the Fibonacci sequence and the Thue–Morse series
in the design of devices with different purposes.
Along the development of the Thesis there have been generated new
diffractive elements which overcome some limitations, opening new
field for the application of pre-existing technologies. Between them,
they can be highlighted the optical alignment systems, the generation
of optical vortex, the reduction of the chromatic aberration and the en-
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En este capítulo se revisa en primer lugar el estado del arte y los con-
ceptos básicos sobre los que se fundamenta esta Tesis. A continuación
se definen los objetivos que se persiguen. Finalmente, se expone la es-
tructura general que sigue este trabajo de Tesis presentada en formato
de compendio de publicaciones.
1.1 Antecedentes y objetivos de la investiga-
ción
En las últimas décadas, los Elementos Ópticos Difractivos (EODs)
[Ojeda-Castañeda96] se han aplicado en áreas muy diversas que abar-
can desde la microscopia con rayos X para la observación de nanoes-
tructuras [Wang03, Sakdinawat07], hasta la formación de imágenes to-
mográficas con óptica de THz [Wang02,Siemion12]. Las Placas Zona-
les (PZs), en su forma más sencilla, son EODs formados por un con-
junto de zonas anulares concéntricas transparentes y opacas alternadas
de igual área. Esto implica que el radio de las diferentes zonas es pro-
porcional a la raíz cuadrada de los números naturales. De esta forma,
podemos escribir la transmitancia de estos elementos como una función
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Figura 1.1: Diseño y caracterización de una PZ convencional: (a) Obtención de la fun-
ción de transmitancia radial a partir de la una secuencia periódica, (b) transmitancia
en la pupila de la PZ, (c) irradiancia axial normalizada bajo iluminación monocromá-
tica y (d) árbol de irradiancia bajo iluminación policromática en el que destaca la alta
aberración cromática.
periódica p(r2), siendo r la variable radial (Fig. 1.1(a-b)). Si ilumina-
mos una PZ de radio a y N zonas con una onda plana monocromática
de longitud de onda λ esta produce una serie de focos situados a las
distancias fn = a
2
nλN de la PZ, donde n ∈ Z. En la Fig. 1.1(c) se muestra
la irradiancia axial normalizada alrededor del foco de orden n = 1. De-
bido a la dependencia de la distancia focal con la longitud de onda, las
PZs convencionales presentan una alta aberración cromática (ver Fig.
1.1(d)).
Con el objetivo de modificar los perfiles de focalización de estos
EODs se ha sustituido la secuencia periódica por distribuciones aperió-
dicas basadas en diferentes secuencias matemáticas deterministas. Para
entender la naturaleza de estas distribuciones repasaremos los concep-
tos de orden periódico y aperiódico que aparecen originalmente en cris-
talografía [Maciá06].
Los cristales se definen como materiales cuyos átomos presentan
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simetría de traslación 3D, esto es, están ordenados periódicamente. En
cuanto a la simetría de rotación alrededor de cualquier átomo de la red,
según el teorema de restricción cristalográfica [Bamberg03], esta so-
lo puede ser de orden 2, 3, 4 y 6. Si estos materiales son iluminados
con un haz de rayos X se observa que los cristales presentan un pa-
trón de difracción discreto y periódico que depende fuertemente de los
parámetros geométricos de la distribución. Por otra parte, en el otro
extremo tenemos los materiales amorfos, cuya distribución de átomos
es completamente aleatoria. Si iluminamos con un haz de rayos X un
material amorfo no encontraremos picos de difracción, sino una distri-
bución continua.
Entre ambos extremos podemos encontrar lo que se define como
cuasicristales. Los átomos de estos materiales siguen distribuciones
que no presentan simetría de traslación 3D de forma estricta, aunque
su distribución pueden conservar otras simetrías como la auto-similitud
(fractalidad) y simetrías de rotación. Es mas, la eliminación de la res-
tricción periódica otorga la posibilidad de generar distribuciones con
simetría de rotación prohibidas por el teorema de restricción cristalo-
gráfica. Bajo iluminación con un haz de rayos X estos materiales pre-
sentan patrones de difracción discretos, pero no periódicos.
En los años 80, Shechtman descubrió unas aleaciones metálicas de
Al-Mn cuyo patrón de difracción discreto presenta simetrías de rota-
ción de orden 5 y 10 [Shechtman84], lo que dio lugar a la revolución
de los materiales cuasicristalinos y, por extensión, al estudio de las dis-
tribuciones aperiódicas que definen su estructura, así como un aumento
de sus ámbitos de aplicación.
De entre estas estructuras cuasicristalinas existe un tipo, cuya dis-
tribución se replica a diferentes escalas, que tienen especial interés. A
esta propiedad la llamamos auto-similitud y es la que define los frac-
tales. Su característica principal es que se construyen por sustitución
iterativa a diferentes escalas de una estructura básica, lo que matemáti-
camente les confiere dimensiones no enteras. La irregularidad de estas
estructuras impide que estas puedan ser descritas en términos geomé-
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Figura 1.2: (a) Construcción geométrica del fractal triádico de Cantor hasta orden
S = 3. (b) Transmitancia de la PZF de orden S = 3. (c) Irradiancia axial normalizada
producida por una PZF bajo iluminación plana monocromática.
tricos tradicionales, pero utilizando la descripción matemática de este
tipo de estructuras se pueden modelizar, de forma estadística, objetos
tales como montañas, rayos, nubes, lineas de costa, etc...
Placas zonales fractales
A partir de las PZs convencionales y teniendo en cuenta las propiedades
de estos elementos aperiódicos, se diseñó un nuevo tipo de estructura
formadora de imágenes: las Placas Zonales Fractales (PZFs) [Saave-
dra03] cuya distribución de zonas se basa en el conjunto fractal de
Cantor unidimensional (Fig. 1.2(a)). Se puede probar teórica y expe-
rimentalmente [Davis04] que, bajo iluminación plana monocromática,
una PZF produce múltiples focos a lo largo del eje óptico. La estructu-
ra interna de cada foco muestra una estructura fractal característica que
reproduce la auto-similitud de la PZF originaria (Fig. 1.2). El núme-
ro de focos y su amplitud relativa puede ser modificada mediante los
parámetros de diseño de la PZF [Monsoriu04, Hai-Tao05, Remón13b].
Se ha demostrado que esta propiedad puede ser utilizada en sistemas
formadores de imagen con el objetivo de aumentar la profundidad de
foco [Furlan07, Remón13a, Ge12].
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Figura 1.3: (a) CFF de orden S = 3. (b) Irradiancia axial normalizada proporcionada
por una CFF de orden S = 3 y la PZF equivalente.
Criba de fotones
La Criba de Fotones (CF) [Kipp01] es un nuevo tipo de EOD desarro-
llado para focalizar y formar imágenes con rayos X blandos en apli-
caciones de alta resolución. Una criba de fotones convencional consis-
te en una PZ de Fresnel en la que se han sustituido las zonas trans-
parentes por un conjunto de agujeros no superpuestos de diferentes
tamaños. A partir de la primera aparición de este elemento difracti-
vo, han sido desarrollados numerosos trabajos, tanto teóricos como
experimentales, estudiando sus propiedades desde distintos puntos de
vista [Cao02, Cao03] y mostrando su utilidad en diferentes aplicacio-
nes [Andersen05, Menon05]. A partir de este escenario, Giménez et
al. presentaron una nueva modificación de este elemento basada en el
conjunto fractal de Cantor: la Criba de Fotones Fractal (CFF) [Gimé-
nez06] (Fig. 1.3). Frente a las PZFs, la CFF mejoraba la eficiencia en
difracción, apodizando los focos de orden superior.
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Figura 1.4: (a) Construcción geométrica de la secuencia de Fibonacci hasta orden S6.
(b) Distribución de fase de la lente de Fibonacci. (c) Irradiancia axial normalizada de
la Lente de Fibonacci y su PZ periódica equivalente.
Placas zonales basadas en la secuencia de Fibonacci
La observación de la naturaleza ha permitido a los científicos percibir
diferentes tipos de orden morfológico, siendo la secuencia de Fibonac-
ci uno de los modelos matemáticos mas recurrentes. Es bien conocido
que la razón entre dos números consecutivos de la serie de Fibonac-
ci se aproxima asintóticamente a un número irracional conocido como
número áureo. Este número ha sido asociado frecuentemente a concep-
tos subjetivos como el equilibrio o la armonía. La serie de Fibonacci
y la razón áurea pueden encontrarse abundantemente en la naturaleza,
desde la distribución helicoidal de las semillas de algunas plantas [Fle-
ming02] hasta sistemas dinámicos que muestran un comportamiento
caótico [Linage06]. La fotónica es un potencial campo de aplicación
para nuevos dispositivos diseñados y construidos a partir de la secuen-
cia de Fibonacci [Maciá12]. Uno de los recientes estudios consiste en
el diseño y caracterización de la lente de Fibonacci [Monsoriu03], cu-
ya irradiancia presenta un desdoblamiento del foco difractivo principal
en dos focos cuyas distancias a la lente mantienen la razón áurea (Fig.
1.4).
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Figura 1.5: Construcción geométrica de la secuencia de Thue–Morse hasta orden S4.
Serie de Thue–Morse
Otra de las secuencias aperiódicas que aplicamos en este trabajo de
Tesis es la serie de Thue–Morse. La serie de Thue–Morse unidimen-
sional se construye iterativamente concatenando en cada iteración el
orden anterior con su complemento booleano. En la Fig. 1.5 se cons-
truye geométricamente la secuencia de Thue–Morse hasta orden S4.
Esta secuencia ha sido aplicada en múltiples ramas de la física como
cristales fotónicos [Tsao14], pozos cuánticos [Hsueh14], metamateria-
les [Monsoriu07] y superredes de grafeno [Huang13].
Objetivos
Así pues, en esta Tesis Doctoral se propone el diseño y caracterización
de diferentes estructuras diffracticas cuya distribución de amplitud y/o
fase sigue patrones aperiódicos. En particular, estudiamos estructuras
basadas en el conjunto fractal de Cantor, en la secuencia de Fibonac-
ci y en la serie de Thue–Morse. Con estas premisas se identifican los
siguientes objetivos para la investigación:
• Diseño y caracterización de un elemento óptico difractivo multi-
focal con geometría cuadrada que genere un patrón de referencia
aplicable al alineamiento y calibración de sistemas ópticos tridi-
mensionales.
8 CAPÍTULO 1. INTRODUCCIÓN GENERAL
• Diseño y caracterización de un elemento óptico difractivo que
genere secuencias de vórtices a lo largo del eje óptico, suscepti-
bles de ser utilizadas como trampas ópticas.
• Optimización de la eficiencia de difracción de una lente difracti-
va bifocal basada en la secuencia de Fibonacci mediante un dise-
ño de tipo kinoform.
• Estudio de las propiedades multifocales de las estructuras difrac-
tivas basadas en la secuencia aperiódica de Thue-Morse.
1.2 Estructura de la Tesis
En primer lugar cabe destacar que se trata de una Tesis por compilación
de artículos científicos. Cada uno de ellos puede ser leído autónoma-
mente al tener los aspectos necesarios para su comprensión (marco teó-
rico, objetivos, resultados y conclusiones), pero es importante recalcar
que la unión de todos ellos constituye un solo trabajo con un claro hilo
argumental. Así pues la Tesis se estructura en 4 capítulos:
1. Introducción general
2. Publicaciones
2.1. Fractal square zone plates
2.2. Cantor dust zone plates
2.3. Twin axial vortices generated by Fibonacci lenses
2.4. Imaging properties of kinoform Fibonacci lenses
2.5. 3D printed diffractive terahertz lenses
2.6. Bifocal focusing and imaging properties of Thue–Morse
zone plates
3. Discusión general de los resultados
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4. Conclusiones
En el capítulo 1 de introducción se define el marco en el que se
desarrolla la Tesis. Como hemos visto, en el primer apartado se mues-
tra el estado del arte sobre placas zonales periódicas y aperiódicas. Se
presentan las bases de la teoría escalar de la difracción y su aplicación
en el estudio de los EODs que nos sirven como punto de partida para
la elaboración de esta Tesis. Además, se exponen los objetivos perse-
guidos y seguidamente se detalla la estructura de la Tesis, el hilo argu-
mental que siguen los artículos, así como su impacto en la consecución
de los objetivos planteados.
El capítulo 2, que recoge seis artículos publicados en revistas cien-
tíficas indexadas, forma el cuerpo principal de la Tesis. En los dos pri-
meros artículos se presentan nuevos elementos difractivos de geometría
cuadrada y basados en la serie fractal de Cantor. En el tercer y cuarto
artículos se estudian las propiedades de generación de vórtices y forma-
ción de imágenes, respectivamente, de lentes basadas en la secuencia
de Fibonacci. En el quinto artículo se presenta el diseño y caracteriza-
ción de placas zonales fabricadas mediante impresión 3D y aplicadas
a la focalización de ondas en el rango de THz. En el sexto artículo
se aplica la serie de Thue–Morse al diseño de una placa zonal bina-
ria de amplitud, cuyas propiedades policromáticas son interesantes en
sistemas difractivos formadores de imágenes. Veamos con detalle las
publicaciones de que consta esta Tesis:
El primer artículo se titula “Fractal square zone plates” [Calata-
yud13a]. Este artículo se publicó en la revista Optics Communications
en 2013. En esta revista se recogen trabajos relacionados con la óptica,
tanto teórica como experimental. El factor de impacto de esta revista
en el año 2013 ha sido de 1.542, situándose en el segundo cuartil de la
categoría OPTICS (34 de 83).
En este primer artículo presentamos un nuevo elemento difractivo
que combina las PZF con PZ cuadradas, obteniendo lo que llamamos
Placas Zonales Fractales Cuadradas (PZFC). Bajo iluminación plana
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monocromática, estos elementos difractivos generan un conjunto de fo-
cos con forma de cruz que presentan una distribución axial autosimilar
extendiendo considerablemente su profundidad de foco. Estas caracte-
rísticas otorgan a las PZFCs la posibilidad de integrarse en sistemas de
alineamiento óptico tridimensional.
El segundo artículo que se presenta en esta Tesis se titula “Cantor
dust zone plates” [Ferrando13a]. Este artículo fue publicado en la re-
vista Optics Express en 2013. El factor de impacto en el año 2013 fue
de 3.525, situándose en el primer decil de la categoría OPTICS (8 de
83).
En este trabajo se presenta un elemento difractivo basado en una
estructura fractal bidimensional: una criba de fotones fractal con geo-
metría cuadrada. El diseño de esta criba de fotones esta basado en el
fractal de Cantor extendido a dos dimensiones, también conocido como
polvo de Cantor. El dispositivo presentado genera, bajo la iluminación
de un haz plano monocromático, un conjunto de focos con forma de
cruz, que extienden la profundidad de foco, similares a los generados
por la PZFC, pero con dos principales ventajas: En primer lugar, es-
te elemento es mas fácil de fabricar, ya que puede construirse como
una placa en la que se realizan perforaciones. Además, si analizamos
la irradiancia vemos que en este tipo de estructura se apodizan los altos
ordenes de difracción, consiguiendo así una mayor eficiencia.
El tercer artículo titulado “Twin axial vortices generated by Fi-
bonacci lenses” [Calatayud13b] fue publicado, al igual que el segundo
artículo, en Optics Express en el año 2013. Además, por las aportacio-
nes de este trabajo al campo de las trampas ópticas, este artículo fue
elegido posteriormente para ser publicado también en la revista Vir-
tual Journal for Biomedical Optics (Volume 8, Issue 5, “Optical Traps,
Manipulation, and Tracking”).
En este trabajo se presenta un nuevo elemento difractivo que, com-
binando la bifocalidad de las lentes de Fibonacci y la capacidad para
formar vórtices que tienen las máscaras con gradiente de fase azimutal,
genera un par de vórtices sobre el eje óptico con interesantes aplicacio-
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nes en el campo de las trampas ópticas.
El cuarto artículo fue publicado en IEEE Photonics Journal en
2014 con el titulo “Imaging properties of kinoform Fibonacci lenses”
[Ferrando14b]. Esta revista tiene un factor de impacto para 2014 de
2.209, situándose en el segundo cuartil de la categoría OPTICS (22 de
87) y en el primer cuartil de la categoría ENGINEERING, ELECTRI-
CAL & ELECTRONIC (49 de 249).
En este trabajo se presenta una nueva lente difractiva tipo kinoform
basada en la secuencia de Fibonacci y se estudian sus propiedades de
focalización y formación de imágenes. Con este nuevo diseño se ob-
tiene una lente bifocal con una eficiencia mayor respecto a la PZ de
Fibonacci binaria de fase.
El quinto artículo titulado “3D printed diffractive Terahertz len-
ses” [Furlan16] ha sido publicado en Optics Letters en el año 2016.
Esta revista tiene un factor de impacto de 3.040 para el año 2015, si-
tuándose en el primer cuartil de la categoría OPTICS (15 de 90). Ade-
más, este artículo se encuentra entre los mas descargados de la revista
en el mes de su publicación (abril de 2016).
En este trabajo se presentan las primeras lentes difractivas para el
rango de los Terahercios fabricadas mediante técnicas de impresión 3D.
Tras el estudio de las características ópticas para diferentes materiales
disponibles, se han diseñado y construido PZs binarias de fase basadas
en las secuencias fractal de Cantor y Fibonacci, además de las PZs pe-
riódicas equivalentes. Tambien se han comprobado experimentalmente
sus propiedades de focalización bajo iluminación plana monocromática
en el rango de los THz.
El sexto artículo titulado “Bifocal focusing and imaging properties
of Thue–Morse zone plates” [Ferrando15d] ha sido publicado en Op-
tics Express el año 2015. El factor de impacto de esta revista en 2015
fue de 3.148, situándose en el primer cuartil de la categoría OPTICS
(14 de 90).
En este artículo se presenta el diseño y caracterización de una pla-
ca zonal de amplitud basada en la serie de Thue–Morse. Se analizan
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sus propiedades ópticas bajo iluminación policromática, tanto teórica
como experimentalmente. La transmitancia de esta placa zonal ha si-
do simulada en un montaje basado en una pantalla de cristal líquido
y también construida mediante el proceso de fotolitografía. Tras los
análisis concluimos que este elemento presenta bifocalidad con una al-
ta profundidad de foco y una considerable reducción de la aberración
cromática.
Tras la recopilación de artículos, el capítulo 3 presenta una breve
discusión acerca de los principales resultados obtenidos mientras que
en el capítulo 4 se presentan las conclusiones finales de la Tesis así
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Abstract In this paper we present a novel family of zone plates with a
fractal distribution of square zones. The focusing properties of these fractal
diffractive lenses coined fractal square zone plates are analytically studied
and the influence of the fractality is investigated. It is shown that under mo-
nochromatic illumination a fractal square zone plate gives rise a focal volume
containing a delimited sequence of two-arms-cross pattern that are axially dis-
tributed according to the self-similarity of the lens.
Introduction
Diffractive optics has found a great number of new applications in the last
few years, satisfying the increasing demand of more compact, light-weight,
and cost-effective optical systems and components. With the rapid develop-
ment of photonic technology, a wide range of applications arises also in areas
where conventional refractive optics do not provide good solutions or where
it is even impossible to use it, as for example, in some branches of Opht-
halmology [Davison06], in THz Imaging [Wang02], and in X-ray Micros-
copy [Wang03]. Furthermore, with the availability of spatial light modulators
technology, variable geometry of generated wavefronts becomes possible and
DOEs can be recorded in real-time in recyclable recording media. This speeds
up the development of new ideas in science and technology as cost-efficient
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rapid prototyping of DOEs and also in real time applications. Following this
trend, a few years ago, we presented fractal zone plates (FZPs) [Saavedra03]
as new promising diffractive lenses with interesting focusing [Monsoriu04]
and imaging properties [Furlan07]. A FZP is characterized by its fractal profi-
le along the square of the radial coordinate. The main feature of a FZP arises
from its ability to produce multiple foci distributed in a fractal way along the
optical axis reproducing the self-similarity of the FZP itself.
Square zone plates (SZPs) [Janicijevic82, Alda09a] are another kind of
promising diffractive optical elements which are the result of the combina-
tion of two linear Fresnel zone plates [Hart66]. Thus, its resulting structure
presents alternate transparent and opaque square zones with side length
√
jb,
where b is the side length of the first zone and j is the number of the zone.
Under a monochromatic plane wave illumination this configuration produces
a focalization pattern with a cross-like irradiance distribution. SZPs have ex-
hibited applications in precision alignment systems [Herrmannsfeldt68], in
infrared antennas [González04] and more recently have been combined with
spiral phase masks for generating hollow beams [Zhang10].
In this work we introduce the concept of Fractal Square Zone Plates (FSZP),
i.e. zone plates with a fractal distribution of square zones. Some practical con-
siderations about the design of this type of SZP are investigated, taking into
account the physical limits imposed by the different construction parameters.
Finally, the influence on the axial and transverse irradiance produced by the
fractality of these lenses is numerically evaluated and compared with the res-
ponse of conventional SZPs.
FSZPs design
Our proposal for a FSZP is based on the triadic Cantor set shown in Fig.
2.1.1(a). The first step in the construction procedure consists in defining a
straight-line segment of unit length called initiator (stage S = 0). Next, at sta-
ge S = 1, the generator of the set is constructed by dividing the segment in
three equal parts of length 1/3 and removing the central one. Following this
procedure in subsequent stages S = 1,3, . . . is easy to see that, in general, at
stage S there are 2S segments (each one of length 3−S) separated by 2S− 1
gaps. In Fig. 2.1.1(a), only the four first stages are shown for clarity. Note that
2.1. FRACTAL SQUARE ZONE PLATES 19
Figure 2.1.1: Comparison between (a) the triadic Cantor set and (b) the equivalent
periodic structure generated at different stages S.
the S-th stage of the Cantor set can be interpreted as a quasiperiodic distribu-
tion of segments which can be obtained by removing some segments in the
finite periodic distribution as shown in Fig. 2.1.1(b). This periodic distribu-
tion at stage S has (3S + 1)/2 segments with (3S− 1)/2 gaps being the total
number of elements (segment + gaps) N = 3S.
It is interesting, for our purposes, to note that triadic Cantor set in Fig.
2.1.1(a) can also codified using an array of binary elements [Maciá12]. The
generating array for S = 1 is {101}, where “1” represent a white segment and
“0” a black segment in Fig. 2.1.1. The Cantor array is generated recursively
by replacing {1} by {101} and {0} by {000} at each stage of the construc-
tion of the fractal structure. Then, the corresponding array at S = 2 would be
{101000101} and the equivalent periodic array {101010101}.
A FSZP can be constructed in a similar way to a SZP; i.e., as a sequence of
square zones with side length
√
jb but defining the transmittance t j of the j-th
zone as the j-th element of the fractal binary array where t j = 1 for transparent
zones and t j = 0 for opaque zones. The resulting structure for S = 3 is shown
in Fig. 2.1.2(a) and Fig. 2.1.2(b) shows the equivalent SZP with the same focal
length. Note that a FSZP can be considered as a SZP but with some missing
clear square zones.
In mathematical terms, the transmittance function for both kinds of lenses
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Figure 2.1.2: Comparison between (a) a FSZP and (b) the equivalent SZP (S = 3).




































where N is the total number of zones and the length of the outer zone is 2a.
Focusing properties of FSZPs
Let us consider the irradiance provided by a square pupil of length 2a, and
amplitude transmittance p(x,y), when it is illuminated by a monochromatic
plane wave of wavelength λ . Within the Fresnel approximation the diffracted
field at a given point (x,y,z), where z is the axial distance from the pupil plane,




∣∣∣∣∫∫ ∞−∞ p(x0,y0)e−iπλ z (x20+y20)e i2πλ z (xx0+yy0)dx0dy0
∣∣∣∣2 . (2.1.2)
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If the transmittance of the pupil is defined in terms of the normalized
variables, {x̄0, ȳ0}= {x0/a,y0/a}, then the irradiance can be re-written as
I(x̄, ȳ,u) = 4u2
∣∣∣∣∫∫ 1−1 q(x̄0, ȳ0)e−i2πu(x̄20+ȳ20)ei2πu(2x̄x̄0+2ȳȳ0)dx̄0dȳ0
∣∣∣∣2 , (2.1.3)
where q(x̄0, ȳ0) = p(ax̄0,aȳ0), u= a2/2λ z is the reduced axial coordinate, and
{x̄, ȳ}={x/a,y/a} are the normalized transverse coordinates.
If we consider the diffracting square aperture of transmittance (2.1.1) in












































































where erf(x) is the error function of the argument x. If we focus our atten-
tion to the values that the irradiance takes along the optical axis, Eq. (2.1.4)
becomes:
I(0,0,u)=





















The axial irradiance of FSZPs computed for different stages of growth
S is shown in Fig. 2.1.3. The irradiance of the associated SZPs is shown in
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Figure 2.1.3: Normalized irradiance vs. the axial coordinate u obtained for a FSZP
(left part) and its associated SZP (right part) at three stages of growth, S = 2 (upper
part), S = 3 (middle part), and S = 4 (lower part).
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Figure 2.1.4: Transverse diffraction patterns of a SFZP with S = 3 at (a) the main
focus located at u = 13.40, and two subsidiary foci located at (b) u = 12.20 and (c)
u = 9.05.
the same figure for comparison. Note that the scale for the axial coordinate
in each step is a magnified version of the one in the previous step by a factor
γ = 3. It can be seen that the axial positions of the central lobes of the main
foci coincide with those of the associated SZP. Interestingly, the irradiance
produced by the FSZPs have fractal properties. In fact, the three patterns in
the left part of Fig. 2.1.3 are self-similar, i.e., the axial irradiance distribution
corresponding to a given FSZP of order S = 4 is a modulated version of the
irradiance distribution corresponding to the FSZP of order S = 3. The same
happens for S = 3 and S = 2. This means that the axial irradiance generated
by a FSZP is self-similar, as it is the FSZP itself.
The distribution of the diffracted energy, not only in the optical axis but
over the whole transverse plane is of interest for the prediction of the applica-
tions capabilities of FSZPs. Thus, a two-dimensional analysis of the diffracted
intensities is required. Eq. (2.1.4) has been used to calculate the evolution of
the diffraction patterns for a FSZP from near field to far field. Of particu-
lar interest are the intensities at transverse planes corresponding to the diffe-
rent maxima of the axial irradiance. Fig. 2.1.4 shows the result obtained for
S = 3 at the main focus located at u = 13.40 and two subsidiary foci located
at u = 12.20, and u = 9.05. Intensities are normalized to the maximum value
obtained at the main focus.
It is shown that under monochromatic illumination a FSZP gives a main
24 CAPÍTULO 2. PUBLICACIONES
focal volume containing a two-arms-cross pattern which, at this plane, is si-
milar to that obtained with the associated SZP (not shown). However, it can
be noted that the secondary maxima at u = 12.20, and u = 9.05 preserves the
crossed shape, and this behavior can be interpreted as an extension of depth
of focus. In fact, the intensity given by the associated SZP at these planes is
almost zero.
Conclusions
A new family of diffractive lenses, coined “Fractal Square Zone Plates”, has
been introduced. It is shown that the distribution of square zones of theses
fractal lenses is obtained through the triadic Cantor set. The focusing proper-
ties of FSZPs have been analyzed and compared with those corresponding
to a conventional SZP. Under monochromatic illumination FSZPs produces a
focal volume containing a delimited sequence of two-arms-cross pattern that
are axially distributed according to the self-similarity of the lens. One poten-
tial application of these new designs of square lenses with increased depth
of focus is its integration in three-dimensional optical alignment systems. Ot-
her polygonal Fresnel zone plates [Alda08,Alda09b] with fractal structure are
currently under study.
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Abstract In this paper we use the Cantor Dust to design zone plates based
on a two-dimensional fractal for the first time. The pupil function that defines
the coined Cantor Dust Zone Plates (CDZPs) can be written as a combination
of rectangle functions. Thus CDZPs can be considered as photon sieves with
rectangular holes. The axial irradiances produced by CDZPs of different frac-
tal orders are obtained analitically and experimentally, analyzing the influence
of the fractality. The transverse irradiance patterns generated by this kind of
zone plates has been also investigated.
Introduction
A renewed interest in focusing diffractive optical elements has been expe-
rienced by the scientific community in the last years because these elements
are essential in image forming setups not only used in the visible range, but
also in THz optics [Siemion12] or in X-ray microscopy [Sakdinawat07]. Fo-
llowing this trend, our group introduced a new type of image-forming struc-
ture: the Fractal Zone Plate (FZP) [Saavedra03] which is based on the one-
dimensional Cantor Set. It has been proved theoretically [Saavedra03] and
experimentally [Davis04] that under monochromatic plane wave illumination,
a FZP produces multiple foci along the optical axis. The internal structure of
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each focus exhibits a characteristic fractal structure that reproduces the self-
similarity of the originating FZP. The number of foci and their relative am-
plitude can be modified with the FZP design [Monsoriu04, Hai-Tao05]. It has
been shown that this property can be profited in image forming systems to
obtain an enhancement of the depth of field [Furlan07, Ge12].
Square zone plates (SZPs) [Janicijevic82, Alda09a] are another kind of
interesting diffractive optical elements which can be obtained as the combina-
tion of two linear Fresnel zone plates and produces a focalization pattern with
a cross-like irradiance distribution. Based on the SZP, Fractal Rectangular Zo-
ne Plates (FSZPs), i.e., zone plates with a fractal distribution of square zones,
have been recently introduced providing a main focal volume containing a
self-similar sequence of cross-shaped patterns [Calatayud13a].
On the other hand, a Photon Sieve (PS) [Kipp01,Cao02] is another promi-
sing diffractive optical element that is based on a classical Fresnel zone plate.
It is constructed by substitution of the transparent areas in it by a great num-
ber of non overlapping circular holes of different sizes. PSs have been propo-
sed for hard-x-ray focusing, in the high energy region above 20keV [Xie10]
and also used in two-dimensional hard-x-ray differential-interference-contrast
imaging [Xie12]. In addition, they have been recently employed in prototypes
of primary lenses for lightweight space telescopes [Andersen10]. The princi-
pal characteristic of a PS is that it improves the resolution of a conventional
zone plate. Moreover, when a fractal distribution of holes is considered an
extended depth of field is also obtained [Giménez06, Giménez07].
In this work we present the Cantor Dust Zone Plate (CDZP) as combina-
tion of the concepts of FSZP and PS. We have replaced the transparent square
zones of a FSZP by a set of rectangular holes spatially distributed according to
a two dimensional fractal known as Cantor Dust. To our knowledge, CDZPs
are the first family of diffractive lenses designed with a two-dimensional frac-
tal, improving the performance of FSZPs mainly on two aspects: 1) A CDZP
has not connected regions so it can be fabricated in a single surface without
any substrate. 2) The distribution of holes produces the apodization that im-
proves the diffraction efficiency of a FSZP.
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Figure 2.2.1: (a) Geometrical construction of the Cantor Dust distribution up to third
order. (b) Cantor dust varying the distribution sides quadratically with respect to the
transverse coordinates. (c) Pupil function q(x̄0, ȳ0) —Eq. (2.2.2)— obtained from the
order S = 3 Cantor Dust distribution.
Cantor dust zone plate design
A CDZP is based on a 2D fractal which is geometrically constructed as shown
in Fig. 2.2.1(a). Starting from two elements, S = 0 and S = 1, called the initia-
tor and the generator respectively, the next higher order elements S = 2,3...
are constructed sequentially by replacing every white square in the previous
stage by the generator (S = 1). Mathematically the fractal Cantor Dust distri-
bution can be generated by using an array of binary elements. Starting from
the 1× 1 array seed, t0 = [1], the next higher fractal order is constructed by
applying to each element the following transformation rules:
[1]→
 1 0 10 0 0
1 0 1
 and [0]→




After an arbitrary number of iterations, S, a binary array, tS, is obtained
with 3S×3S elements. The array elements of tS will be referred as tS j j′ , where
j and j′ take values from 1 to 3S. With this encoding, “1” represents a white
square and “0” represents a black one.
From this geometrical representation, a CDZP can be constructed as a
photon sieve constituted by an array of rectangular transparent holes, whi-
te squares, distributed along the squared transverse coordinates —see Fig.
2.2.1(b)—. Then, to obtain the corresponding pupil function two reflection
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(mirror) symmetries are applied being the mirror lines the coordinate axes
—see Fig. 2.2.1(c)—. Note that a CDZP can be considered as a FSZP [Cala-
tayud13a] where the square rings are replaced by a set of rectangular holes.









tS j j′RECTj(x̄0)RECTj′(ȳ0) , (2.2.2)






(being a the half-width of the zone plate

















In Eq. 2.2.3, rect(x) is the rectangle function which takes the value 1 for |x| ≤
1 and 0 elsewhere. Thus, Fig. 2.2.1(c) shows a CDZP pupil of order S = 3 in
normalized coordinates.
Focusing properties
Under a monochromatic plane wave illumination, the diffracted irradiance


























the normalized transverse coordinates. From the pupil function q(x̄0, ȳ0), de-
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Figure 2.2.2: Normalized axial irradiance for the CDZP and its associated FSZP.
being Er f [x] = 2π−1/2
∫ x
0 exp(−t2)dt the error function. The irradiance along
the optical axis, {x̄, ȳ}= {0,0}, Eq. (2.2.5) is:
I(0,0,u)=























To compare the performance of a CDZP with the associated FSZP we used
Eq. (2.2.6) to compute the axial irradiances. The result for S = 2 and S = 3 up
to third order foci is shown in Fig. 2.2.2. It can be seen that CDZPs preserves
the characteristic self-similar behavior of a FSZP with the foci located at the
same positions because the axial patterns for S = 3 are a modulated version
of that for S = 2. However, the secondary foci of CDZP are apodized with
respect to FSZP ones. It can be also observed that the apodization is enhaced
for higher fractal orders improving the diffraction efficiency.
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Figure 2.2.3: Scheme of the experimental setup used for the simulation of the lenses.
Experimental results
The performance of different CDZPs have been tested experimentally with a
programmable Liquid Crystal on Silicon SLM (Holoeye PLUTO, 8-bit gray-
level, pixel size d = 8 µm and resolution equal to 1920× 1080) operating in
phase-only modulation mode. The SLM was calibrated for a 2π phase shift at
λ = 633nm. The experimental setup is sketched in Fig. 2.2.3. A collimated
beam (He-Ne Laser λ = 633nm) impinges onto the SLM, in which the CDZP
is programed adding a linear phase grating to avoid the noise originated by
the specular reflection (zero order diffraction) and the pixelated structure of
the SLM (higher diffraction orders). This linear phase is compensated by til-
ting the SLM slightly and a pin-hole (PH) filter all diffraction orders except
the order +1. Then at lens L3 focal plane (exit pupil) is a rescaled image of
the desired lens pupile. The diffracted field is captured and registered with a
microscope (4x Zeiss Plan-Apochromat objective) attached to a CCD came-
ra (EO-1312M 1/2” CCD Monochrome USB Camera, 8-bit gray-level, pixel
pitch of 4.65 µm and 1280× 1024 pixels). The microscope and the CCD are
mounted on a translation stage (Thorlabs LTS 300, Range: 300mm and 5 µm
precision) along the optical axis. The programming of the SLM, movements
of the translation stage, the image recording and analysis is fully automatized
by means of a LabVIEW program.
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Figure 2.2.4: a) Analytical (green) and experimental (red) irradiances provided by
different fractal order CDZPs (first order focus) for S = 2. b) Same as in Fig. 2.2.4(b)
for S = 3; F1, F2, F3 are three different maxima of the compound first order focus.
(see Fig. 2.2.5)
The experimental and the analytical axial irradiances are shown together
in Fig. 2.2.4 for comparison. We have taken a = 0.75mm and 1.31mm for
S = 2 and S = 3 respectively in order to fix the main focus at the same position
in both cases.
The distribution of the diffracted pattern over the whole transverse plane
is of interest for the prediction of applications capabilities of CDZPs. Thus,
a two-dimensional analysis of the diffracted irradiances is required. Equation
(2.2.5) has been used to calculate the evolution of the diffraction patterns pro-
vided by a CDZP from near field to far field. Of particular interest are the
irradiance patterns in the transverse planes which correspond to the different
maxima of the axial irradiance.
In Fig. 2.2.4 the experimental transverse irradiances obtained at the main
focus (z = 10.4cm) and at two subsidiary foci (z = 11.3cm and z = 13.6 cm)
can be compared with the analytical results calculated using Eq. (2.2.5) for
the order S = 3. In all cases, the irradiance has been normalized to its own
maximum value. In spite of that the experimental images are affected by noise
and by the aberrations of both, L3 and the microscope objective, a very good
agreement with the numerical simulation is obtained. A characteristic two-
arms-cross pattern at the main focus, extended to the subsidiary foci, can also
be observed, so this behavior can be interpreted as an extension of depth of
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Figure 2.2.5: Experimental transverse irradiance (top) compared with the analytically
obtained irradiance (bottom) for a fractal order S = 3 CDZP. Transversal planes be-
long to the first order focus shown in Fig. 2.2.4(b) located at z = 10.4cm and two
secondary foci at z = 11.3cm and z = 13.6 cm.
focus.
Conclusions
A new fractal diffractive optical element a CDZP is proposed. The focusing
properties of this novel kind of lenses are analytically and experimentally in-
vestigated. The axial irradiances provided by these elements have been com-
puted for different fractal stages obtaining a self-similar behavior. Moreover,
under a monochromatic illumination, a CDZP gives rise a focal volume con-
taining a delimited sequence of two-arms-cross patterns which are axially dis-
tributed according to the self-similarity of the lens. One potential application
of CDZP is to generate a reference pattern in optical alignment and calibration
of 3D systems. A spiral phase mask superposed to the CDZP pupil function —
Eq. (2.2.2)— can be used for generating hollow rectangular beams [Zhang10].
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Moreover, CDZP could be applied in THz communications given that Fres-
nel zone plates have been proved to be valuable elements for improving the
performance in infrared antennas [González04]. On the other hand, its cross-
shaped focal pattern and its enhanced focal depth could be also helpful to
perform parallel photopolymerisation in three-dimensional microstructure fa-
brication [Kelemen07]
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Abstract Optical vortex beams, generated by Diffractive Optical Elements
(DOEs), are capable of creating optical traps and other multifunctional mi-
cromanipulators for very specific tasks in the microscopic scale. Using the
Fibonacci sequence, we have discovered a new family of DOEs that inhe-
rently behave as bifocal vortex lenses, and where the ratio of the two focal
distances approaches the golden mean. The disctintive optical properties of
these Fibonacci vortex lenses are experimentally demonstrated. We believe
that the versatility and potential scalability of these lenses may allow for new
applications in micro and nanophotonics.
Introduction
In photonics technology, Diffrative Optical Elements (DOEs) have found a
large number of new aplications in many different areas, covering the whole
electromagnetic spectrum from X-ray Microscopy [Sakdinawat07], to THz
Imaging [Siemion12]. Difractive lenses such as conventional Fresnel zone
plates, are essential in many focusing and image forming systems but they
have inherent limitations. Fractal zone plates are a new type of multifocal
diffractive lenses that have been proposed to overcome some of these limi-
tations, mainly under polychromatic illumination [Saavedra03, Davis06]. In
fact, it was shown that these lenses, generated with the fractal Cantor set have
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an improved behavior, especially under wide band illumination [Furlan07].
DOEs have been also designed to generate optical vortices. Optical vorti-
ces are high value optical traps because in addition to trap microparticles they
are capable to set these particles into rotation due to its inherent orbital angu-
lar moment [Roux04, Gbur06]. These special optical beams have been used,
for exemple, as actuators and testers in micromechanical systems [Bishop03].
Arrays of optical vortices have shown the ability to assemble and drive me-
soscopic optical pumps in microfluidic systems [Ladavac04].
Among the several methods that have been proposed for optical vortices
generation, spiral phase plates [Lee04] stands out, mainly because they pro-
vide high energy efficiency. Spiral phase plates have been recently combined
with Fractal Zone Plates to produce a sequence of focused optical vortices
along the propagation direction [Tao06, Furlan09].
In this work we present the Fibonacci Vortex Lenses (FVLs), which are
able to generate simultaneously two optical vortices along the axial coordinate
whose diametres are related by the golden mean. These new type of DOEs are
constructed using the Fibonacci sequence [Monsoriu10, Monsoriu13] along
the squared radial coordinate. This sequence has been also employed in the
development of different photonic devices [Maciá12], such as multilayers and
linear gratings [Sah95], circular gratings [Gao11], spiral zone plates [Dai12].
Fibonacci vortex lenses design
A FVL is defined as a pure phase diffractive element whose phase distribution
is given by ΦFV L(ζ ,θ0) = mod2π [Φa(θ0)+Φ j(ζ )]. It combines the azimut-
hal phase variation that characerizes a vortex lens, i.e. Φa = mθ0, where m
is a non zero integer called the topological charge [Dai12] and θ0 is the azi-
muthal angle about the optical axis at the pupil plane, with the radial phase
distribution that is generated through the Fibonacci sequence in the following
way:
Starting with two elements (seeds) F0 = 0 and F1 = 1, the Fibonacci num-
bers, Fj = {0,1,1,2,3, 5,8,13,21, . . .}, are obtained by the sequential appli-
cation of the following rule: Fj+1 = Fj +Fj−1, ( j = 0,1,2, . . .). The golden
mean, or golden ratio, is defined as the limit of the ratio of two consecutive











Based on the Fibonacci numbers, a binary aperiodic Fibonacci sequen-
ce can also be generated with two seed elements, as for exemple, S1 = {A}
and S0 = {B}. Then, next order of the sequence is obtained simply as the
concatenation of the two previous ones: S j+1 = {S j S j−1} for j ≥ 1. Therefo-
re, S2 = {AB}, S3 = {ABA}, S4 = {ABAAB}, S5 = {ABAABABA}, etc. Note
that, in each sequence, two succesive “B” are separated by either, one or two
“A”, and that the total number of elements of the order j sequence is Fj+1,
which results from the sum of Fj elements “A”, plus Fj−1 elements “B”. Each
of these sequences can be used to define the binary generating function for
the radial phase distribution of the FVL. For our purpose, the generating fun-
ction, Φ j(ζ ), is defined in the domain [0,1], and this interval is partitioned
in Fj+1 sub-intervals of length d = 1/Fj+1. Then, the value that the function
Φ j(ζ ) takes at the kth sub-interval will be 0 or π if the value of the kth ele-
ment of the S j sequence, S jk, is “A” or “B”, respectively. Next, from a par-
ticular generating function Φ j(ζ ), the radial part of the transmittance of the
corresponding binary pure-phase FVL is obtained as q(ζ ) = exp [iΦ j(ζ )], af-
ter performing the following coordinate transformation: ζ = (r/a)2, being r
the radial coordinate of the lens, and a its maximum value. Typical examples
of FVLs are shown in Fig. 2.3.1. For comparison, a conventional vortex lenses
based on Fresnel zone plates are represented in the same figure. The corres-
ponding Fresnel zone plates can be considered periodic structures along the
square radial coordinate ζ having the same number of elements, Fj+1, with
period p = 2d, but where the position of some zones with different phase ha-
ve been interchanged. Fibonacci sequences are apediodic, but they have two
incommensurable periods [Maciá12]. It is easy to show that, according to our
nomenclature, these periods are related to the period of the equivalent zone
plate throught p1 = 1/Fj−1 ≈ 0.5(ϕ +1) p and p2 = 1/Fj ≈ 0.5ϕ p. Thus, a
FVL with m = 0 can be understood as two Fresnel zone plates interlaced.
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Figure 2.3.1: Bottom: Phase distributions of FVLs based on the Fibonacci sequence
S8, with different topological charges. Top: The equivalent periodic lenses with the
same number of zones.
Focusing properties
To study the focusing properties of FVLs we have computed the irradiance
provided by the transmittance of this lens, t(ζ ,θ0) = q(ζ )exp[imθ0], when it
is illuminated by a plane wave of wavelength λ . Within the Fresnel approxi-












where u = a2/2λ z is the dimensionless reduced axial coordinate [Saave-
dra03] and v = r/a is the normalized transverse coordinate. Note that the re-
duced axial coordinate contains the full dependende of the irradiance with λ .





i4πuvζ 1/2 cos(θ −θ0)
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Eq. (2.3.2) is reduced to
I(u,v) = 4π2u2
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Figure 2.3.2: Evolution of the transverse irradiance for S8 based FVLs with different
topological charges and their periodic equivalent lenses.
being Jm() the Bessel function of the first kind of order m.
By using Eq. (2.3.4) we have computed the irradiances provided by the
lenses shown in Fig. 2.3.1. The integrals were numerically evaluated applying
the Simpson’s rule using a step length 1/2000. The result is shown in Fig.
2.3.2. It can be seen that FVLs produce a twin foci whose positions are given
by the Fibonacci numbers. In this case, for S8 FVLs, the first focus is located
at u1 = 13 = Fj−1 = 1/p1 and the other one at u2 = 21 = Fj = 1/p2. Thus,
the ratio of the focal distances satisfies u2/u1 ≈ ϕ . Note also that, for non-
null values of the topological charge, each focus is a vortex, thus, in general, a
pair of doughnut shaped foci is generated by a FVL. Comparing the diffraction
patterns provided by FVLs with different topological charges it can be verified
that the diameter of the doughnuts increases with the topological charge as
those produced by conventional vortex lenses [Swartzlander01, Curtis03].
Experimental results
For the experimental study of the properties of FVLs, we implemented the
experimental setup shown in Fig 2.3.3. The proposed lenses were recorded
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Figure 2.3.3: Experimental setup used for studying the focusing properties of FVLs.
on a Liquid Crystal in a Silicon SLM (Holoeye PLUTO, 8-bit gray-level, pi-
xel size 8 µm and resolution equal to 1920×1080 pixels), calibrated for a 2π
phase shift at λ = 633nm operating in phase-only modulation mode. The pro-
cedure to compensate the wavefront distorsions caused by the lack of flatness
of the SLM and the other optical components was detailed elsewhere [Ca-
latayud12b]. In addition to the diffractive lenses, a linear phase carrier was
modulated on the SLM to avoid the noise originated by the specular reflec-
tion (zero order diffraction) and the pixelated structure of the SLM (higher
diffraction orders). This linear phase is compensated by tilting the SLM and a
pin-hole (PH) is used to filter all diffraction orders except the first one. Then
at the L3 lens focal plane (exit pupil) a rescaled image of the desired lens pu-
pil is achieved. A collimated beam (He-Ne Laser λ = 633nm) impinges onto
the SLM and the diffracted field is captured and registered with a microsco-
pe (10x Zeiss Plan-Apochromat objective) attached to a CCD camera (EO-
1312M 1/2” CCD Monochrome USB Camera, 8-bit gray-level, pixel pitch of
4.65 µm and 1280×1024 pixels). The microscope and the CCD are mounted
on a translation stage (Thorlabs LTS 300, Range: 300mm and 5 µm precision)
along the optical axis.
The experimental and computed irradiances produced by a S8 FVL with
topological charge m= 6 along the optical axis (using the dimensionless redu-
ced axial coordinate) are shown in Fig. 2.3.4. As predicted by the theoretical
analysis, the axial localization of the focal rings depends on the Fibonacci
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Figure 2.3.4: Experimental and computed transverse irradiance evolution along the
optical axis provided by the S8 FVL with m = 6 and a = 1.1mm.
numbers Fj and Fj−1, and such focal distances satisfy the following relations-
hip: f1/ f2 = Fj/Fj−1 ≈ ϕ .
Figure 2.3.5 shows the experimental and the numerically simulated trans-
verse irradiance at the focal planes for the same FVL. Interestingly, the dia-
meter of the focal rings, ∆, which also depends on the topological charge of
the FVL, satisfies a similar rule i.e. ∆1/∆2 ≈ ϕ (see Fig. 2.3.5). Thus, FVLs
are capable of generating twin axial vortices with different, but perfectly esta-
blished, diameter of the central core.
Conclusions
Sumarizing, a new type of bifocal vortex lenses has been introduced, whose
design is based on the Fiboonacci sequence. It was found that a FVL produces
a twin optical vortices along the axial coordinate. The positions of both foci
depend on the two incommensurable periods of the Fibonacci sequence in
which the FVL is based on. The radii of these twin vortices increase with
the topological charge of the vortex lens, but always their ratio approaches the
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Figure 2.3.5: Experimental and numerical transverse irradiance at the focal planes
provided by the S8 based on FVL with m = 6 and a = 1.1mm. The intensity profiles
along the white, dotted lines are plotted (bottom) together with the numerical results
for comparison.
golden mean. The 3D distribution of the diffracted field provided by FVLs has
been tested experimentally using a SLM. An excellent agreement between the
experimental results and the theoretical predictions has been demonstrated.
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Abstract In this paper we present a new kind of bifocal kinoform lenses
in which the phase distribution is based on the Fibonacci sequence. The focu-
sing properties of these DOEs coined Kinoform Fibonacci Lenses (KFLs) are
analytically studied and compared with binary phase Fibonacci Lenses (FLs).
It is shown that under monochromatic illumination a KFL drives most of the
incoming light into two single foci, improving in this way the efficiency of the
FLs. We have also implemented these lenses with a spatial light modulator.
The first images obtained with this type of lenses are presented and evaluated.
Over the last decades the role of aperiodic order (order without periodi-
city [Maciá06]) in nature has been deserved a growing interest by the scientific
community. In fact, the observation of nature has allowed scientists to perceive
different kinds of morphological orders, being the Fibonacci sequence, one of
the most recurrent mathematical fitting models. It is well known that the ratio
of two consecutive elements of the Fibonacci sequence approaches asympto-
tically an irrational number known as the golden mean and that this number is
frequently associated with some subjective concepts such as equilibrium, or
harmony. Fibonacci series and the golden mean can be found profusely in na-
ture, from the helical arrangement of seeds and leaves of plants [Fleming02]
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to all dynamical systems exhibiting the period-doubling route to chaos [Lina-
ge06]. Artificial Fibonacci patterns also appear on core/shell structures cons-
tructed through stress-driven self assembly induced by cooling [Li05], and the
golden mean has recently been found in the fine structure of spin dynamics
around critical points in quantum phase transitions [Coldea10], just to name
a few. Photonics is a potential field of applications for novel devices designed
and constructed using the Fibonacci sequence [Maciá12]. Supported in part by
the enormous progress in technology development in this area, quantum cas-
cade lasers based on a Fibonacci distributed feedback sequence [Mahler10],
and Fibonacci arrays of nanoparticles that produce quasi-periodic distribution
of plasmon modes [Dallapiccola08], have been recently proposed. Following
this trend, our group has recently proposed the Fibonacci Lenses (FLs) [Mon-
soriu13], which are diffractive lenses constructed using the Fibonacci sequen-
ce.
A FL is a binary lens that, like a conventional Fresnel zone plate, produ-
ces intensity maxima along the optical axis at odd fractions of its main focal
distance. However, in this case each focus is axially doubled. These twin foci
are located one in front and one behind the focus of an equivalent Fresnel zone
plate of the same number of zones. The axial positions of this foci are given
by the Fibonacci numbers, being the golden mean the ratio of the two FL focal
distances. Moreover, we found that the golden mean is also the responsible of
the energetic balance of both foci and also of their axial and transverse re-
solution. Inspired on FLs we recently proposed a new type of bifocal vortex
lenses, the Fibonacci Vortex Lenses (FVLs) [Calatayud13b], that produce a
twin optical vortices along the axial coordinate. The positions of these vorti-
ces depend on the two incommensurable periods of the Fibonacci sequence
in which the FVL is based on. The radii of these twin vortices increase with
the topological charge of the vortex lens and their ratio is the golden mean.
Although the binary FL and FVL are effective in controlling the luminous
intensity, their diffraction efficiency is relatively low.
Since the diffraction efficiency of Diffractive Optical Elements (DOEs) is
crucial for certain practical applications, in this work we introduce the concept
of Kinoform Fibonacci Lenses (KFLs), i.e., blazed zone plates with a radial
structure based on the Fibonacci sequence. KFLs design is formally presen-
ted in this paper and an analytical expression for the phase profile is derived.
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As blazed DOEs, KFLs drive most of the incoming light into a splitted main
focus, improving in this way the efficiency of FLs. This fact is demonstrated
theoretically by means of the Modulation Transfer Function (MTF) and expe-
rimentally in an image forming experiment.
Kinoform Fibonacci lenses design
A KFL is defined as a pure phase diffractive element whose radial phase distri-
bution is obtained from the Fibonacci sequence as follows: Starting with two
elements (seeds) F0 = 0 and F1 = 1, the Fibonacci numbers, Fj = {0,1,1,2,3,
5,8,13,21, . . .}, are obtained by the sequential application of the iterative rule
Fj+1 = Fj +Fj−1, ( j = 1,2, . . .). The golden mean, or golden ratio, is defined






In a similar way, a binary aperiodic Fibonacci sequence can also be de-
terministically generated with two seed elements, as for exemple, S1 = {A}
and S0 = {B} and the succesive elements of the sequence are obtained simply
as the concatenation of the two previous ones: S j+1 = {S j S j−1} for j ≥ 1. In
this way, S2 = {AB}, S3 = {ABA}, S4 = {ABAAB}, S5 = {ABAABABA}, and
so on. Note that, in any given sequence of order S j, two succesive “B” are se-
parated by either, one or two “A”, and that the total number of elements Fj+1,
results from the sum of Fj elements “A”, and Fj−1 elements “B”. In the design
of a KFL each element of the Fibonacci sequence can be used to define the
generating function, Φ(ζ ), for the radial phase distribution of the lens: With
compact support in the interval [0,1], Φ(ζ ) is defined with a linear variation
between Φ = 0 and Φ = 2π at each subinterval {AB} of the sequence, being
Φ = 0 otherwise (see Fig. 2.4.1(a). Thus, the generating function of the radial
phase for the jth order KFL can be written analytically as
Φ
KFL











(d j +ζi, j−ζ ) , (2.4.1)
where d j = 1/Fj+1, ζ = r2/a2 is the normalized radial coordinate, and ζi, j is
the position for the ith element “B” of the sequence. This position can be obtai-
ned as ζi, j = (b(ϕ +1) ic−1) ·d j, being bxc the floor function of x [Redish90].
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Figure 2.4.1: (a) Phase profile of the S6 based KFL represented against a squared
radial coordinate. (b) KFL and FL surface-relief profiles generated from a Fibonacci
sequence of order j = 6.
For example, applying Eq. (2.4.1), the generating function of the radial phase
for j = 6 order is given by:



























The profile of the KFL generated by Eq. (2.4.2) is represented in Fig.
2.4.1(b). For comparison the radial profile of a FL of the same focal distance
is represented in the same figure. As can be seen obtaining the phase of a
KFL from the phase of FL is not a trivial task as it is for a Kinoform Fresnel
lens from a binary phase Fresnel lens. As it was not previously reported, the
















Focusing and imaging properties
To evaluate the focusing properties of the KFLs it is of interest to compute
the axial irradiance provided by these lenses normally illuminated by a plane
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wave of wavelength λ . Within the Fresnel aproximation the axial irradiance
function is given by
I(u) = 4πu2
∣∣∣∣∫ 10 t(ζ )exp(−2πiuζ )dζ
∣∣∣∣2 , (2.4.4)
where u = a2/2λ z is the reduced axial coordinate, a is the lens radi, t(ζ ) =
exp [iΦ(ζ )] is the transmitance function, being Φ j(ζ ) the phase of the lens.
By using the Eq. (2.4.4) we have computed the axial irradiances provided by
KFLs of order S8 and S10 and for comparison pourposes those corresponding
to FLs of the same orders. The results are shown in Fig. 2.4.2.
As can be seen the KFLs drive most of the incoming light into two single
foci located at u1 ' Fj−1 and u2 ' Fj, being the ratio of the focal distances
u2/u1 ' ϕ . On the other hand, as shown in [Monsoriu13], FLs provide mul-
tiple diffraction orders due to the binary nature of the structure. Each order
presents two diffraction peaks, due to its quasiperiodic distribution of zones
with two inconmensurable periods. The first order foci of the FL coincide with
the foci of the KFL, but their relative intensity is 60% lower.
The performance of a KFL as an image forming device is analyzed in the
spatial-frequency domain by calculation of the MTFs at the two focal planes
(see Fig. 2.4.3). To that end, a MATLAB algorithm has been employed for
numerically evaluating the autocorrelation function of the generalized pupil
function represented in a 1001× 1001 matrix. As can be seen, in a similar
fashion to the effect of the kinoform profile on the axial irradiance, the MTFs
reveal the improved performance of a KFL provided by the blazed profile,
especially in the mid-low range of frequencies.
We have experimentally tested the imaging capabilities of KFLs and FLs
of the same main focal distances. A schematic illustration of the experimental
setup if shown in Fig. 2.4.4(a). The diffractive lenses were implemented on
a Liquid Crystal in a Silicon SLM (Holoeye PLUTO, 8-bit gray-level, pixel
size 8 µm, and resolution 1920×1080 pixels), calibrated for a 2π phase shift
at λ = 633nm and operating in phase-only modulation mode. The illumina-
tion system consists of a red collimated LED (Mounted High-Power LED,
red 625nm, 1000mA) and a band-pass filter (λ = 632.8±0.6nm). A test ob-
ject (the 1951 USAF resolution test chart) was mounted at the focal plane
of achromatic Badal Lens, L1, (focal length: 160mm). The images produced
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Figure 2.4.2: Normalized axial irradiances provided by FLs and KFLs of orders S8
and S10.
by the diffractive lenses were captured and registered with a CCD camera (8
bit gray-level, pixel pitch of 3.75 µm, and 1280× 960 pixels) mounted on a
translation stage (Thorlabs LTS 300; range: 300mm; precision: 5 µm) along
the optical axis. The images produced by a KFL and a FL at both focal planes
are shown in Fig. 2.4.4(b). A profile of the irradiance, measured along a single
element of the image of the test is shown in Fig. 2.4.4(c). As can be seen, the
images provided by the KFL have higher contrast, C, than those provided by
the FL of the same order (CFL/CKFL ≈ 0.6641). On the other hand it can be
observed that, as expected, the relative size of the images at both planes also
are related by the golden ratio. In fact in Fig. 2.4.4(b) the relative sizes of the
segments a and b satisfy a/b≈ ϕ .
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Figure 2.4.3: MTFs at both foci of KFL and FL of the same order (S10).
Conclusions
We have presented a novel design of Fibonacci lenses with improved focusing
and imaging capabilities. These lenses have a blazed profile whose analytical
expression has been deduced. KFLs present two single foci, being the golden
mean, the ratio of the two focal distances. The higher quality of the images
produced by KFLs are demonstrated theoretically and experimentally. On the
one hand, the MTFs obtained for KFLs display superior performance over the
MTFs obtained for FLs. Moreover, the first images produced by these kind of
lenses are reported. Due to their exclusive properties, we believe that KFLs
could be of benefit in several potential applications for instance, in optical
trapping, in optical micromachining, and in confocal microscopy. In particu-
lar, we suggest that the bifocal structure of a KFL can find applications in
Ophthalmology to design intraocular or contact lenses for the correction of
presbyopia. Additionally, the concept of FKL can be easily extended to other
geometries, like square zone plates [Calatayud13a]. For different applications
further resolution improvements can be obtained by using higher Fibonacci
orders in the lens design and/or by combining two or more Fibonacci orders
in a single lens [Giménez10].
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Figure 2.4.4: (a) Experimental setup employed for recording the images produced by
KFLs and FLs. (b) Images of the USAF object produced by a KFL and a FL of order
S10 at focus #1 and focus #2. (c) Profiles of the irradiances obtained at focus #2 of
both for the vertical 2-4 group images.
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Abstract A 3D printer was used to realize custom made diffractive THz
lenses. After testing several materials, phase binary lenses with periodic and
aperiodic radial profiles were designed and constructed in polyamide material
to work at 0.625THz. The non conventional focusing properties of such lenses
were assessed by computing and measuring their axial point spread function
(PSF). Our results demonstrate that inexpensive 3D printed THz diffractive
lenses can be reliably used in focusing and imaging THz systems. Diffracti-
ve THz lenses with unpreceded features such as extended depth of focus or
bifocalization have been demonstrated.
Many applications of THz radiation such as THz imaging or THz spec-
troscopy require passive devices for guiding and manipulating this type of ra-
diation, including filters [Wilk09], waveguides [Astley10], waveplates [Scher-
ger11c], and lenses [Scherger11a, Scherger11b]. Several polymers with low
absorbance and dispersion [Podzorov08] are used to obtain THz lenses, and
consequently, the variety of commercially available THz lenses is increa-
sing. However, in many cases custom-made THz lenses with a special de-
sign are required. Individual refractive THz lenses are mainly manufactured
from bulk polymers by milling, turning, or compression molding of polymer
powders [Scherger11b]. In particular for geometrically complex lenses, this
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requires high effort and sometimes results in an unwanted waste of material.
In THz setups, beam shaping optical elements are very important in al-
most every application. Mirrors and lenses should allow improved sensitivity
of detection, what is crucial in this range of the electromagnetic radiation,
where there is a lack of high power sources and sensitive detectors. The-
refore, as happens in the visible range, THz technology could benefit from
novel diffractive structures with unique properties designed for special ap-
plications. In fact, some diffractive THz optical elements have been propo-
sed [Wang02, Yu09, Goldsmith92, Wiltse05] and their assessment indicates
that the performance of diffractive THz lenses is comparable, or even better,
than that obtained with their refractive homologous. Additionally, diffractive
lenses can be fabricated with high numerical aperture [Siemion12] and allow
for linear and compact setups. However, customized diffractive lenses ma-
de by conventional techniques such as reactive ion etching [Agafonov13] or
lathe turning [Walsby02] are not widely available, because their construction
consists of several steps and requires specialized equipment. In this regard,
Komlenok, et al [Komlenok15] demonstrated the possibility of fabricating a
silicon multilevel THz diffractive optical element, constructed by means of
laser ablation process.
Very recently, 3D printing technology has begun to be employed to cons-
truct spherical [Busch14], aspherical [Squires14], and hyperbolic lenses [Sus-
zek15] for THz and sub-THz radiation range. In an effort to provide rapid and
low cost solutions of complex THz lenses in this letter we propose the use
of 3D printing technology for constructing non-conventional, fractal [Saave-
dra03] and Fibonacci [Monsoriu13], THz binary diffractive lenses. The per-
formance of these prototypes was numerically evaluated and experimentally
tested.
Several 3D printing materials including Nylon Polyamide (PA6) and
Acrylonitrile-Butadiene-Styrene (ABS) with two different densities were tes-
ted. In particular, we measured their absorption coefficient and refractive in-
dex in the 0.1 − 2.0THz frequency range, using Time Domain Spectroscopy
(TDS) [Lee09]. A commercial equipment, TPS Spectra 3000 (Teraview Ltd,
Cambridge, UK) was used to this end. During the measurement two spec-
trograms were obtained: a reference spectrogram, to take into account the
influence of the setup, and a spectrogram of the investigated material using
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Figure 2.5.1: Refractive index of various materials obtained in the TDS system.
a probe of constant thickness. The transmission type measurement, executed
in the time domain, provided the phase difference of the radiation passing th-
rough the sample ϕs and the reference setup ϕr ,then, the refractive index as
a function of frequency, ν , was calculated in terms the sample thickness, d,
as: [Han01, Hangyo02, Naftaly07]
n(ν) = 1+ c(ϕs(ν)−ϕr(ν))/(2πνd) . (2.5.1)
The results are presented in Fig. 2.5.1. Prototypes of diffractive lenses we-
re constructed in these materials to select the one that presented the highest
fidelity compared to the original design PA 6 with a refractive index n = 1.59
and absorption coefficient 3.09cm−1 at 0.625THz was selected for the rea-
lization of the lenses. Unless this material was previously characterized by
using a THz time-domain spectrometry in the frequency range 2− 15THz
[D’Angelo14],to the best of our knowledge, to date PA6 has not been measu-
red for lower frequencies neither used to construct diffractive lenses.
In designing THz diffractive lenses we followed the procedure described
in detail in Refs. [Saavedra03] and [Monsoriu13]. In this case the fractal zone
plate was based on a triadic Cantor set for stage 2, and the Fibonacci zone
plate was based on the Fibonacci sequence of order 5. Figure 2.5.2 shows the
experimental models which were designed using a browser-based CAD soft-
ware (Tinkercad.com), and constructed with a 0.3mm spatial resolution by an
online 3D printing service (i.materialise, Leuven, Belgium), which were made
from a polyamide granular powder by selective laser sintering technique.
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The diameter of the Fresnel and fractal lenses was 4.62cm, having both
the main focal distance (first diffraction order) f = 12.35cm. The bifocal Fi-
bonacci lens diameter was 4.94cm, with focal distances f1 = 12.9cm and
f2 = 20.0cm. All lenses had the same base layer thickness: 1mm, and groo-
ves height: 0.4mm; which has been calculated to provide alternating zones
with a 0 and π phase delay for the design frequency: 625GHz.
Using the nonparaxial scalar diffraction theory the axial irradiance provi-























where λ is the wavelength, z is the propagated distance, and φ(ζ ) defines
the phase distribution of the studied lens represented in terms of the square
normalized radial coordinate, ζ =(r/a)2. The phase function φ(ζ ) for Fresnel
lenses can be written as a Ronchi-type periodic binary function with period p






where p = 2/9 for the Fresnel lens shown in Fig. 2.5.2(a) and the function
mod[x,y] gives the remainder on division of x by y. The corresponding phase
function φ(ζ ) for triadic Cantor lenses developed up to a certain growing
stage S can be written as the above periodic function as









being S = 2 for the fractal lens shown in Fig. 2.5.2(b). In the case of a Fibo-
nacci lens of order S, the phase function φ(ζ ) is given by




rect[ζ FS+1 +0.5+ biϕc] , (2.5.5)
where Fj is the Fibonacci number of order j, ϕ is the golden ratio [Mon-
soriu13], and bxc denotes the largest integer less than or equal to x. Figure
2.5.2(c) shows a Fibonacci lens of order S = 5.
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Figure 2.5.2: Experimental (a) Fresnel, (b) fractal, and (c) Fibonacci models of 3D
printed THz diffractive lenses made PA6. Map of the THz irradiance measured at
the plane of the lens in the experimental setup represented in Fig. 2.5.3 (dotted lines
represent the phase transitions) for (d) Fresnel, (e) fractal, and (f) Fibonacci lenses.
The experimental setup for the optical characterization of the lenses is
shown in Fig. 2.5.3. The axial point spread function (PSF) was measured with
a 625GHz beam provided by a VDI frequency multiplier (Virginia Diodes,
Inc. Charlottesville, VA. USA). The emitter was equipped with a horn anten-
na which produced a divergent beam, which was focused by a high density
polyethylene (HDPE) refractive lens into a pinhole (2mm diameter). Next the
beam was collimated by a second HDPE lens and directed to the investigated
diffractive lens. Fig. 2.5.2(d-f) shows the local irradiance of the electromag-
netic field at the plane of the lenses. The local maxima and minima of irra-
diance were caused by interferences during beam propagation. Besides, the
main spots are not perfectly centered because, despite that the experimental
setup was carefully configured to maintain the center of the beam on the op-
tical axis, a small misalignment still remained. The focal volume was axially
74 CAPÍTULO 2. PUBLICACIONES
Figure 2.5.3: Scheme of the optical setup used for axial PSF measurements.
Figure 2.5.4: Numerical simulation, continuous (green) lines and experimental results
(dotted) red lines provided by the 3D printed THz lenses of Fig. 2.5.2: (a) Fresnel,
(b) fractal, and (c) Fibonacci.
scanned with a Schottky diode (equipped with a horn antenna) mounted on a
motorized stage. Due to its finite size, the detector integrates the irradiance in
an area of 2.5mm × 2.5mm around the optical axis.
Experimental results for the axial PSF are represented in Fig. 2.5.4 (dot-
ted red points) together with the numerical results (continuous green lines)
computed using Eqs. (2.5.2-2.5.5). As can be seen, the fractal binary lens has
an extended depth of focus compared with conventional Fresnel zone plate,
while Fibonacci lens splits the main focus, providing a pair of foci satisfying
f1/ f2 ≈ ϕ . Although, the experimental results are affected by the finite size of
the detector and by the inhomogeneity of the THz beam (see Fig. 2.5.2(d-f)),
2.5. 3D PRINTED DIFFRACTIVE TERAHERTZ LENSES 75
a very good agreement between theory and experiment can be observed.
Summarizing, we have demonstrated the feasibility of realizing high qua-
lity THz diffractive lenses with 3D printing technology. The focusing proper-
ties of nonconventional lenses named: fractal and Fibonacci zone plates were
tested using 0.625THz beam for the first time. Using non paraxial scalar dif-
fraction theory we have shown numerically the special performance of such
lenses which were confirmed experimentally using a simple experimental THz
PSF setup. We found that T-ray fractal zone binary lens have an extended
depth of focus compared with Fresnel zone plate which opens the possibility
to fabricate optics with low chromatic aberration for wideâband THz appli-
cations. Concerning to diffractive THz optics with extended depth of focus,
Agafonov et al. [Agafonov16] recently presented interesting results of a si-
licon binary diffractive optical element focusing a THz laser Gaussian beam
into a paraxial segment. On the other hand, a bifocal Fibonacci THz lens has
been also constructed, which has potential applications in THz quality control
systems or THz medical diagnosis and therapy [Liu16]. Moreover, with the
advance of the 3D technology, better resolutions will allow the construction
of lenses with multilevel (even kinoform) diffractive structures with improved
diffraction efficiency.
Although for our investigations we have chosen a Fresnel, fractal and Fi-
bonacci lenses of fixed focal lengths, the versatile 3D printing technology
can be applied to construct lenses with different focal lengths and geometries
(multiorder, elliptical, conical, etc.) and even array of lenses with any spa-
tial distribution. Moreover, the diffraction efficiency can be increased with the
number of phase levels. Work is in progress in these directions.
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Abstract We present a new family of Zone Plates (ZPs) designed using the
Thue-Morse sequence. The focusing and imaging properties of these aperio-
dic diffractive lenses coined Thue-Morse Zone Plates (TMZPs) are examined.
It is demonstrated that TMZPs produce a pair of self-similar and equally in-
tense foci along the optical axis. As a consequence of this property, under
broadband illumination, a TMZP produces two foci with an extended depth
of focus and a strong reduction of the chromatic aberration compared with
conventional periodic ZPs. This distinctive optical characteristic is experimen-
tally confirmed.
Introduction
Zone Plates (ZPs) have found a great number of new applications in the last
few years [Ojeda-Castañeda96], especially outside of visible range of the elec-
tromagnetic spectrum, for example, in X-ray microscopy for the observation
of certain nanostructures [Wang03] and in THz optics for tomographic ima-
ging [Wang02]. A standard ZP consist of a series of concentric circular rings
of equal area, with alternating absorbing and transmitting zones. The focusing
effect is created by the constructive interference of waves passing through the
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transmitting zones distributed periodically along the square of the radial coor-
dinate.
In recent years different aperiodic sequences [Maciá06] have been em-
ployed to design new types of ZPs with interesting physical properties and
many potential applications. Two of them are Fractal Zone Plates [Saave-
dra03] and Fibonacci Zone Plates [Monsoriu13]. The former ones are cha-
racterized by its fractal structure along the square of the radial coordinate, and
produce multiple foci along the optical axis which are defined by the self-
similar Fourier spectrum of the fractal pupil function. It has been demonstra-
ted these self-similar foci produce an increase of depth of field and a reduction
of the chromatic aberration under wideband illumination [Furlan07]. Since
their introduction, fractal ZPs have received the attention of several research
groups working on different fields, for instance, X-ray microscopy [Ge14],
optical tweezers [Tao13], image-forming systems [Zhang12], optical tomo-
graphy [Zhang11], photon sieves [Liu09], and plasmonics [Fu08].
Fibonacci ZPs are bifocal ZPs with their foci located at certain axial po-
sitions given by the Fibonacci numbers, being the “golden mean” the ratio of
the two focal distances [Monsoriu13]. Although the focusing and imaging ca-
pabilities of Fibonacci lenses have been experimentally demonstrated under
monochromatic illumination [Ferrando14b], these lenses are affected by the
same limitations of conventional ZPs when broadband illumination is consi-
dered, since the twin foci are not self-similar.
In this paper we present a new family of aperiodic ZPs that combine the
advantages of fractal ZPs (reduction of the chromatic aberration) and Fibo-
nacci ZPs (bifocusing along the optical axis). The new diffractive lenses are
based on the deterministic Thue–Morse sequence. This sequence has been
applied in several branches of Physics, as for example in the context of photo-
nic crystals [Tsao14], quantum wells [Hsueh14], metamaterials [Monsoriu07]
and graphene superlattices [Huang13]. Here we present the first diffractive
lenses contructed using this formalism. We show that a ZP designed accor-
ding to the Thue–Morse sequence produces two main self-similar foci along
the optical axis with extended depth of focus. Therefore, TMZPs are intrinsi-
cally bifocal lenses with low chromatic aberration. These properties are theo-
retically investigated and experimentally demonstrated in an image forming
experiment.
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Figure 2.6.1: (a) Geometrical construction of the TM sequence up to order S = 4. (b)
TMZP of order S = 6 and its equivalent periodic ZP.
Focusing properties
A ZP can be constructed starting from a 1D compact supported periodic fun-
ction q(ζ ), where ζ = (r/a)2 is the normalized square radial coordinate and a
is the external radius of the outermost ring. In a binary ZP every pair of opa-
que (B) and transparent (A) annular zones constitutes a period, being the area
of each period constant over all the ZP. In a similar way, a TMZP can be cons-
tructed by replacing the periodic function q(ζ ) by the Thue–Morse sequence.
This binary sequence with elements A and B is constructed defining a seed
D0 = A and then, each element that follows the sequence is obtained by repla-
cing A by AB and B by BA. Therefore, the first order is D1 = AB and the next
orders are D2 = ABBA, D3 = ABBABAAB, D4 = ABBABAABBAABABBA, and
so on. Figure 2.6.1(a) shows the geometrical construction of the TM sequence
up to order S = 4.
When designing TMZPs, each of these sequences can be used to define the
transmission generating function q(ζ ) with compact support on the interval
ζ ∈ [0,1]. This interval is partitioned in 2S sub-intervals of length dS = 1/2S,
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and the transmitance value, tS, j, that takes at the j-th sub-interval is associated
to the value of the element DS, j, being tS, j = 1 when DS, j is “A” and tS, j =
0 when DS, j is “B”. Figure 2.6.1(b) shows the transmitance pupil function
of a TMZP of order S = 6 and its equivalent periodic ZP. Note that like a
conventional ZP the period of a TMZP is pS = 2dS, where the position of
transparent/opaque zones have been interchanged. Therefore, the width of the
zones of a TMZP and its equivalent periodic ZP are the same, so both kind of
lenses can be fabricated with the same technology. In mathematical terms, the
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To evaluate the focusing properties of TMZPs we have computed the axial
irradiance provided by these diffractive lenses under a monochromatic plane
wave illumination, using the Fresnel approximation:
I(u) = 4πu2
∣∣∣∣∫ 10 q(ζ )exp(−i2πuζ )dζ
∣∣∣∣2 , (2.6.2)
where u = a2/2λ z is the reduced axial coordinate, and λ is the wavelength of












We have computed the axial irradiance provided by TMZPs of orders
S = 4,5, and 6 and their equivalent periodic ZPs for comparison. The results
are shown in Fig. 2.6.2. The axial irradiance distribution, represented against
the normalized variable u, shows that the reordering of transparent and opaque
zones of a ZP according to the Thue–Morse sequence produces a symmetrical
splitting of the first order focus achieving zero axial irradiance at the foci of
the equivalent periodic ZP. This zero irradiance is due to the destructive inter-
ference produced by the fields transmited by the two conjugated parts of the
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Figure 2.6.2: Normalized axial irradiance provided by TMZPs of orders S = 4, 5, and
6, and their respective equivalent periodic ZPs.
lens. Therefore, TMZPs are intrinsically bifocals. Interestingly, the irradiance
produced by these aperiodic lenses is characterized by a sequence of subsi-
diary foci around each main focus following a fractal structure. In fact, the
three patterns in the lower part of Fig. 2.6.2 are selfsimilar, i.e. the irradiance
distribution corresponding to a TMZP of order S is a modulated version of the
irradiance distribution corresponding to the previous stage, S− 1, magnified
by a factor γ = 2.
In Fig. 2.6.3(a) we have represented the axial irradiances provided by a
TMZP (S= 6) and the equivalent periodic ZP computed for three different wa-
velengths in the visible range (λ = 450,550, and 650nm). The axial distance,
z, has been normalized to the main focal distance, f = a
2
λ2S , of the equivalent
periodic ZP at λ = 550nm. Note that the multiple subsidiary foci around the
main foci of a TMZP overlap for different wavelengths creating a pair of foci
with an extended depth of focus. Therefore, a TMZP should be less sensitive
to the chromatic aberration than the equivalent periodic ZP. Next, we analyze
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Figure 2.6.3: (a) Normalized axial irradiance for different wavelengths in the visible
range, (b) Normalized axial illuminance, and (c) chromaticity of the different foci for
the TMZP of order S = 6 and its equivalent periodic ZP.
this hypothesis.
The behavior of a TMZP under broadband illumination can be evaluated,
following the conventional approach [Giménez10], in terms of the tristimulus















I(z;λ )S(λ )z̃dλ , (2.6.4)
where S(λ ) is the spectral distribution of the source, (x̃, ỹ, z̃) are the three
sensitivity chromatic functions of the detector, and (λ1,λ2) represent the con-
sidered wavelength interval. In particular, in the assessment of visual systems
(x̃, ỹ, z̃) are usually the sensitivity functions of the human eye (CIE 1931) and
the axial response is normally expressed in terms of the axial illuminance Y
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To compare the performance of a TMZP under polychromatic illumina-
tion we have computed Eqs. (2.6.4) and (2.6.5) for the ZPs shown in Fig.
2.6.1. We numerically computed 41 monochromatic irradiances for equally
spaced wavelengths ranging from 380 to 780 nm. The standard illuminant C
was used as a spectral distribution of the source. The illuminances compu-
ted for the TMZP of order S = 6 and its equivalent periodic ZP are shown in
Fig. 2.6.3(b). The open circles in this figure represent the main foci of both
ZPs, and the triangles and the squares represent the axial positions where the
illuminance has decreased to a half of its maximum value. Figure 2.6.3(c)
represents the chromatic coordinates of the axial irradiance around the main
foci of the lenses. In this figure, the circles, triangles, and squares represent
the chromatic coordinates at the axial points shown in Fig. 2.6.3(b). Note that
the curves that reveal the chromatic content of each polichromatic focus of the
TMZP are closer to the point representing the white illuminant, than the curve
corresponding to the equivalent periodic ZP. Therefore the chromatic aberra-
tion of the TMZP is lower than the chromatic aberration of the equivalent
binary Fresnel zone plate.
Experimental characterization
We have experimentally tested the polychromatic focusing properties of a
TMZP developed in the presvious section. A schematic illustration of the
experimental setup is shown in Fig. 2.6.4. The ZPs were implemented on a
Liquid Crystal in a Silicon SLM (Holoeye PLUTO, 8-bit gray-level, pixel si-
ze 8 µm, and resolution 1920× 1080 pixels), operating in amplitude mode,
calibrated for different wavelengths in the visible range. The illumination sys-
tem consisted of a Cold-White collimated LED (Mounted High-Power LED,
CW, 1000mA) and CRI VariSpec Liquid Crystal Tunable Filter (LCTF). This
filter allows us to select a wavelength in the visible range with a bandwith of
10nm. A pin-hole with a diameter of 150 µm was located at the focal plane
of the achromatic Badal lens, L1 (focal length 160mm). The images produ-
ced by the diffractive lenses were captured and registered with a CCD camera
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Figure 2.6.4: Scheme of the experimental setup and the polychromatic PSFs provided
by the simulated TMZP of order S = 6 and its equivalent periodic ZP.
(8 bit gray-level, pixel pitch of 3.75 µm, and 1280×960 pixels) mounted on
a translation stage (Thorlabs LTS 300; range 300mm; precision 5 µm) along
the optical axis. The images were captured at 248 axial positions for 58 wa-
velengths of visible light. Using Eq. (2.6.4) and transforming the tristimulus
values XYZ to RGB coordinates [Pascale03], the polychromatic PSFs were
obtained. Figure 2.6.4 shows the resulting polychromatic PSFs for a TMZP of
order S = 6 and its equivalent periodic ZP with a focal distance f = 100mm.
As expected, the periodic ZP provides a single foci with high chromatic abe-
rration, while the TMZP provides a pair of foci with enhanced focal depth and
reduced chromatic aberration.
We have also tested the image forming capabilities of TMZPs under white-
light illumination. In this case the binary diffractive lenses were printed on
graphic films (standard polyester films) using a photoplotter with 2400 lpi re-
solution. We have generated a TMZP with 128 zones (S = 7) with a = 3mm
(main focal distances fT M1 = 188mm and fT M2 = 96mm for a design wa-
velength λ = 550nm). Its equivalent periodic ZP with the same number of
zones (focal distance f0 = 126mm for λ = 550nm) was also constructed to
compare their performances. In our experiment we considered a conventio-
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Figure 2.6.5: Captured RGB images provided by the printed TMZP of order S7 and its
equivalent periodic ZP. The images are captured at the focal length which corresponds
to every focus and around these focal planes (±10%)
nal image forming arrangement as shown in Fig. 2.6.5(a). A polychromatic
light source (a cold-white LED) was employed. The object-test (binary letters
“TM7”) was located at the object focal plane of the achromatic lens, so the
image was formed at the focal image plane of the diffractive lens. The ima-
ges were captured with a CMOS Camera (EO-5012C 1/2” CMOS RGB, pixel
pitch of 4.4 µm). Figure 2.6.5 shows the images provided by the TMZP and
by the equivalent periodic ZP at the main focal planes for the design wave-
length. To obtain defocused images, the distance from the diffractive lens to
the CMOS Camera was varied ±10% around the focal planes. It can be seen
that the TMZP provides a pair of images with a reduced chromatic aberration
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compared with the image provided by the periodic ZP, even at the main focal
planes.
Conclusions
A new type of aperiodic ZPs based on the Thue-Morse sequence has been
presented with interesting focusing and imaging capabilities. We have shown
that a TMZP produces two self-similar foci situated symmetrically along the
optical axis, one at each side of the focus of the equivalent periodic ZP of the
same number of zones. As an image forming device under white light illu-
mination, a TMZP produces a pair of images with an extended depth of field
and a strong reduction in the chromatic aberration due to its bifractal focu-
sing behavior. Therefore, TMZPs could be profitable across a broad range of
applications where conventional periodic and Fractal zone plates [Furlan07]
are currently applied including: spectral domain OCT [Zhang11], X-ray mi-
croscopy [Ge14,Ge12], design of artificial compound eyes [Keum13], among
others [Tao13, Verma13, Gao13, Liu14]. Other potential application of these
aperiodic lenses will require no absortion losses and improved diffraction ef-
ficiency, as for example, bifocal intraocular or contact lens for the correction
of presbyopia. To improve the diffraction efficiency of the TMZP here pre-
sented the equivalent pure phase diffractive lenses with a blazed profile are
currently under study.
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Capítulo 3
Discusión general de los
resultados
En este capítulo se hace una puesta en común de los resultados pre-
sentados en los artículos del capítulo anterior. Cabe mencionar que los
principales resultados alcanzados tras varios años de investigación, son
la elaboración de la presente Tesis Doctoral y la publicación de los ar-
tículos que la componen en revistas científicas indexadas en el JRC.
Como se ha visto a lo largo del presente documento, esta Tesis Doc-
toral profundiza en el estudio de EODs cuyo diseño esta basado en las
series de Cantor, Fibonacci y Thue–Morse. En particular, el trabajo se
centra en el diseño y caracterización de nuevas placas zonales binarias
tanto de amplitud como de fase y tambien tipo kinoform que aprove-
chan las propiedades que otorga la implementación de estas secuencias
aperiódicas en su diseño.
Tras el estudio realizado aplicando estas series a algunos tipos de
EODs vemos que cada una de ellas aporta unas propiedades ópticas es-
pecificas al elemento periódico equivalente y que, en función del obje-
tivo perseguido, son capaces de superar ciertas limitaciones inherentes
al diseño periódico.
Considerando el aumento de la profundidad de foco de las placas
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zonales fractales (Fig. 1.2) [Remón13b] y teniendo en cuenta el perfil
de focalización en forma de cruz que producen las placas zonales con
geometría cuadrada, en los artículos “Fractal square zone plate” [Cala-
tayud13a] y “Cantor dust zone plate” [Ferrando13a] se han presentado
dos nuevos EODs que, bajo iluminación plana monocromática, pro-
ducen un patrón que puede utilizarse, entre otras aplicaciones, como
referencia en la alineación de sistemas ópticos 3D.
Para las placas zonales fractales cuadradas se observa una profun-
didad de foco extendida con respecto a la placa zonal equivalente pe-
riódica. Este aumento, producido por la distribución fractal introducida
en el diseño de este elemento, da lugar a un perfil de focalización auto-
similar, en el que al aumentar el orden de la secuencia fractal la energía
de cada uno de los focos se distribuye en un conjunto de focos se-
cundarios. Además, se ha comprobado que este elemento produce una
serie de focos en forma de cruz centrados a lo largo del eje óptico (Fig.
2.1.4).
La eficiencia de estas placas zonales ha sido mejorada mediante
la aplicación de una variante de la misma secuencia fractal, el polvo
de Cantor, a un EOD del tipo criba de fotones [Ferrando13a, Ferran-
do12a, Furlan12]. Con este nuevo diseño de apodizan los órdenes de
difracción secundarios (Fig. 2.2.2) y se simplifica la construcción de
este elemento, ya que consiste en un conjunto de agujeros perforados
sobre una base opaca. Además, sus propiedades de focalización han
sido contrastadas experimentalmente mediante un sistema basado en
un modulador espacial de luz de cristal líquido (Figs. 2.2.3 y 2.2.4).
Mas aún, la corrección de aberraciones de este sistema mediante un
sensor frente de onda del tipo Hartmann-Shack ha dado lugar a nu-
merosas contribuciones [Calatayud12a, Ferrando13c, Ferrando14e, Re-
món15, Ferrando16b, Ferrando16a].
En cuanto a la serie de Fibonacci, se ha aprovechado la bifocalidad
que presenta (Fig. 1.4) en dos tipos de EOD: una lente vórtice [Calata-
yud13b, Ferrando13b] y una lente kinoform [Ferrando14b].
Estudiando la lente vórtice de Fibonacci observamos que esta pre-
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senta dos vórtices a lo largo del eje óptico cuyas posiciones y propor-
ciones son definidas por la distribución de Fibonacci. Mediante la carga
topológica, podemos modificar el diámetro de los vórtices, pero entre
ellos se mantiene la proporción áurea debido a que su distancia focal re-
lativa también mantiene dicha proporción (Fig. 2.3.5). Las propiedades
de focalización de esta lente han sido contrastadas experimentalmente
mediante el sistema basado en el modulador espacial de luz de cristal
líquido.
La lente kinoform de Fibonacci ha sido diseñada de forma que las
zonas con gradiente de fase siguen la secuencia de Fibonacci. Se ha
comprobado que esta lente mejora la eficiencia de difracción respecto
a la placa zonal equivalente mediante la eliminación de los altos órde-
nes de difracción. De esta forma, la lente genera solo un par de focos
cuyas distancias a la lente mantienen la proporción áurea. Tras com-
parar las capacidades de formación de imágenes de ambos elementos,
tanto numérica como experimentalmente, se observa que la lente kino-
form de Fibonacci presenta mejor calidad y mayor contraste en ambas
posiciones focales (Figs. 2.4.3 y 2.4.4).
Además, se han estudiado placas zonales basadas en las series de
m-Bonacci [Furlan14b, Ferrando15c] como generalización de las es-
tructuras basadas en la serie de Fibonacci y se han estudiado otros ele-
mentos fotónicos difractivos, como las apilaciones multicapa, cuyos
diseños estan basados en la secuencia de Fibonacci [Ferrando14d].
Tras la aplicación de las series fractal y Fibonacci a diferentes ti-
pos de EOD en el rango visible, el siguiente paso es el diseño de PZs
basadas en estas series que trabajan en otro rango espectral. Se han es-
tudiado las propiedades de focalizacion y formación de imágenes en el
rango de los Terahercios para diferentes placas zonales basadas en las
secuencias de Cantor [Furlan13, Furlan14a] y Fibonacci [Furlan15b].
En el artículo “3D printed diffractive terahertz lenses” [Furlan16] se
presentan placas zonales de fase basadas en las series de Fibonacci,
Cantor y su equivalente periódica construidas mediante impresión 3D
y diseñadas para trabajar en el rango de los THz (Fig. 2.5.2). Para las
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tres lentes construidas se obtienen experimentalmente las propiedades
de focalización y se comparan satisfactoriamente con las calculados
mediante las ecuaciones de propagación no paraxial. Por una parte, pa-
ra la placa zonal fractal observamos un aumento de la profundidad de
foco, mientras que para la placa zonal de Fibonacci destaca su bifoca-
lidad (Fig. 2.5.4).
Extendiendo el estudio a otras sequencias aperiódicas se ha diseña-
do una placa zonal de amplitud basada en la serie de Thue–Morse [Fe-
rrando14a,Ferrando15b], la cual ha sido aplicada al diseño de fibras de
cristal fotónico [Ferrando12b, Ferrando15a]. Analizando la irradiancia
producida por la placa zonal de Thue–Morse observamos que el fo-
co difractivo se desdobla en dos grandes grupos de focos secundarios.
Aprovechando la extensión de foco producida por esta placa zonal, en
el artículo [Ferrando15d] estudiamos su comportamiento bajo ilumina-
ción policromática para comprobar que reduce la aberración cromáti-
ca respecto a su equivalente periódica. Además, obtenemos de forma
experimental las propiedades de focalización de la lente mediante si-
mulación en el sistema SLM de cristal líquido y construida mediante
fotolitografía sobre papel de acetato. De esta forma comprobamos el
aumento en la profundidad de foco y la reducción de la aberración cro-
mática de este EOD con respecto a su equivalente periódica cuando
actúan como elementos formadores de imagen.
Además, a lo largo del trabajo de investigación se han desarrollado
herramientas para facilitar el estudio de las redes aperiodicas que pos-
teriormente han sido aplicadas a la docencia [Ferrando14c], así como




En este capítulo de conclusiones se analiza el nivel de cumplimento de
los objetivos de investigación planteados en la introducción. También
se recopilan las principales conclusiones alcanzadas, se exponen cuáles
son las aportaciones más relevantes del trabajo y se proponen varias
líneas futuras de trabajo.
4.1 Cumplimiento de los objetivos
El primer objetivo, que consiste en el Diseño y caracterización de un
elemento óptico difractivo multifocal con geometría cuadrada que ge-
nere un patrón de referencia aplicable al alineamiento y calibración
de sistemas ópticos tridimensionales, ha sido alcanzado con los EODs
presentados en los artículos 1 y 2. Estos elementos difractivos de geo-
metría cuadrada presentan un patrón de focalización en forma de cruz
con gran profundidad de foco.
El segundo objetivo, Diseño y caracterización de un elemento óp-
tico difractivo que genere secuencias de vórtices a lo largo del eje óp-
tico, susceptibles de ser utilizadas como trampas ópticas, se ha logra-
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do con la publicación en el artículo 3 de una lente vórtice basada en
la secuencia de Fibonacci que genera un par de vórtices distribuidos
axialmente.
El tercer objetivo que consiste en la Optimización de la eficiencia
de difracción de una lente difractiva bifocal basada en la secuencia de
Fibonacci mediante un diseño de tipo kinoform se consiguió mediante
la lente diseñada y caracterizada en el artículo 4. Las propiedades de
esta lente han sido comprobadas teórica y experimentalmente, llegando
a comprobarse la mejora de la calidad de imagen producida con respec-
to a su lente de Fibonacci equivalente binaria de fase invertida.
En cuanto al objetivo de Extender la aplicabilidad de las estructu-
ras basadas en secuencias aperiódicas a otro rango del espectro elec-
tromagnético, se ha cumplido con el trabajo presentado en el artículo 5
en el que se diseñan y construyen lentes aperiódicas que trabajan en el
rango de los THz. Además, para la construcción de las lentes se a utili-
zado una tecnología de bajo coste que esta en proceso de expansión, la
impresión 3D.
En cuanto al Estudio de las propiedades multifocales de las estruc-
turas difractivas basadas la secuencia aperiódica de Thue-Morse, en el
artículo 6 se diseña y caracteriza la placa zonal basada en la secuencia
de Thue–Morse. El estudio se centra en las propiedades policromáti-
cas de este elemento difractivo, ya que combinando la bifocalidad y
la extensión de foco que produce se consigue una interesante reduc-
ción de la aberración cromática que comprobamos experimentalmente
utilizando esta placa zonal como elemento formador de imágenes bajo
iluminación blanca.
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4.2 Aportaciones realizadas
Tras comprobar que los objetivos planteados han sido plenamente al-
canzados como resultado de la investigación presentada en esta Tesis
Doctoral, vamos a resumir cuales han sido las principales aportaciones
a la literatura existente en el campo de los EODs basados en las series
fractal de Cantor, Fibonacci y Thue–Morse.
En cuanto a los EODs basado en la serie fractal de Cantor, se han
diseñado y caracterizado nuevas placas zonales y cribas de fotones con
geometría cuadrada que presentan un aumento en la profundidad de
foco que confiere a estos elementos la capacidad de generar un patrón
de referencia aprovechable en la alineación de sistemas ópticos 3D.
Como EODs basados en la serie de Fibonacci, se han diseñado dos
elementos de diferente tipo: una lente vórtice que genera un par de
vórtices a lo largo del eje óptico, y una lente kinoform bifocal cuya
calidad de imágenes ha sido comprobada experimentalmente.
Además, se han construido las primeras lentes difractivas aperiódi-
cas en el rango de los THz obtenidas mediante técnicas de impresión
3D y se han comprobado experimentalmente sus propiedades de foca-
lización.
Finalmente, se ha introducido una nueva secuencia aperiódica al
diseño de placas zonales, la serie de Thue–Morse, cuyas propiedades
cromáticas han sido estudiadas, ya que este elemento produce un perfil
de irradiancia axial bifocal y con un gran aumento de la profundidad de
foco. Tras estudiar estas propiedades, las placas zonales se han cons-
truido mediante fotolitografía y se ha comprobado experimentalmente
la bifocalidad y reducción de la aberración cromática.
4.3 Lineas de investigación futuras
Finalmente, se plantean varios caminos por los que seguir investigando
en relación a los contenidos de esta Tesis:
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Por una parte, se puede extender la aplicabilidad de algunos ele-
mentos presentados sustituyendo la serie aperiódica aplicada en el dise-
ño. De esta forma, un elemento que se pretende estudiar es el Polvo de
Fibonacci en el que se combinan placas zonales de geometría cuadrada
basadas en la serie de Fibonacci. Según los resultados preliminares se
obtendrá un elemento que produce dos focos en forma de cruz distri-
buidos axialmente. Esta distribución de irradiancia genera dos planos
de referencia que podrian facilitar el alineamiento de sistemas ópticos.
Por otra parte, se pretende extender el estudio a otras secuencias
aperiódicas, como las funciones de Walsh [Furlan15a], Period-doubling,
Silver mean, Bronze mean, Copper mean, Nickel mean, Rudin-Saphiro,
Paper folding, . . .. También resultara interesante la combinación de va-
rias de estas series para generar nuevas secuencias aperiódicas, como
las secuencias de Fibonacci-Cantor, en las que se alterna la aplicación
de las reglas de iteración de las series de Fibonacci y Cantor, produ-
ciendo nuevas e interesantes distribuciones de irradiancia.
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